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Abstract 

This paper attempts to investigate the space of various characteristic classes 
for smooth manifold bundles with local system on the total space inducing a finite 
holonomy covering. These classes are known as twisted higher torsion classes. 
We will give a system of axioms that we require these cohomology classes to 
satisfy. Higher Franz-Reidemeister torsion and twisted versions of the higher 
Miller-Morita-Mumford classes will satisfy these axioms. For any twisted torsion 
class, we will show that given it is a linear combination of these two classes 
restricted to lens space bundles, it will be the same linear combination on any 
bundle with rationally simply connected base and simple fiber. 
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1 Introduction 

Higher torsion invariants have been developed by J. Wagoner, J. R. Klein, K. Igusa, 
M. Bismut, J. Lott, W. Dwyer, M. Weiss, E. B. Williams, S. Goette and many others 

( 0, 0, g, n,J|). 

In his paper [9] K. Igusa defined a higher torsion invariant to be a characteristic 
class t(E) G H ik (B;~EL) of a smooth bundle E — > B satisfying an additivity and a 
transfer axiom (see section 2 of j9j|). He proved that the set of higher torsion invariants 
forms a two dimensional vector space spanned by the higher Reidemeister torsion and 
the Miller-Morita-Mumford classes. 

But higher Reidemeister torsion or Igusa Klein torsion can be defined in a more 
general way: It is a characteristic class t ik (E, p) G H 2h (B; M.) for a smooth bundle with 
a unitary representation p : itiE — > U(m) factorizing through a finite group (See for 
example [7]). For our purposes it will be better to look at finite complex local systems 
on E instead. After a choice of a base point, this corresponds to a representation 



of the fundamental group as can be found for example in T. Szamuely's book 14 
Regarding that, we will define a twisted higher torsion invariant to be a characteristic 
class t(E;J-) G iJ 2fc (I?;IR) for a finite local complex system J 7 on E inducing a finite 
holonomy covering satisfying six axioms: The first two are versions of the original two 
axioms for non-twisted torsion invariants, which will respect the local system. The 
next axiom will guarantee that the non-twisted torsion invariant t(E; 1) obtained from 
a twisted torsion invariant by inserting the constant local system will be zero in degree 
4/ + 2, since there is no non-twisted torsion in these degrees. The remaining three 
axioms will determine the dependence of the torsion class on the local system. The 
third of these will be very specific and might be dropped based on a conjecture of 
Milnor (in [12]) we will discuss in section 5. 

The goal of this paper is to show an analogous result to Igusa's on twisted torsion 
invariants. For this we will generalize Igusa's paper [9] step by step: In the second 
chapter, we will define twisted higher torsion invariants. We will have to restrict our 
results to lens space tame fiber bundles (defined in section 3). 

In the third section, we will repeat why the Igusa Klein torsion t ik satisfies the 
axioms and introduce a twisted version of the Miller-Morita-Mumford classes M 2k and 
show that these also satisfy the axioms. The MMM classes will be zero in degree 41 + 2. 



2 



Then we will state our main theorem: 

Theorem 1.1 (Main Theorem). For any lens space tame higher twisted torsion invari- 
ant t there exist scalars a and b such that 

t(E, J 7 ) = ar IK (E, J*) + bM(E, J 7 ) 

for all bundles F <^-> E — > B with finite complex local system T on E, simple fiber F 
and the base B having a finite fundamental group. If the degree of r is 41, both scalars 
a and b are unique, and if the degree of r is 41 + 2, the scalar a is unique and we take 
b to be (because M 4l+2 is everywhere) . 

The goal of further work will be to drop some of the assumptions and show the 
following generalization of the main theorem, which represents an analogous to Igusa's 
theorem in the non-twisted case (9l: 

Conjecture 1.2. The space of higher twisted torsion invariants in degree 41 is two 
dimensional and spanned by the twisted MMM class and the twisted Igusa-Klein torsion, 
and one dimensional in degree 41 + 2 and spanned by the Igusa-Klein torsion. Especially, 
for any twisted torsion invariant r, there exists a unique a 6 M and a (not necessarily 
unique) b G M., so that 

T = ar 1K + bM. 

The scalars a and b can be calculated as follows: For torsion in degree 41 we look at 
the universal line bundle A : ES 1 — > CP 00 . Since the cohomology of H 2k (CP°°; M) is one 
dimensional, the non-twisted torsion invariant of the associated ^-bundle 5' 1 (A) and 
the associated S" 2 -bundle S 2 (X) over CP°° will determine the scalars a and b. In degree 
41 + 2 we only have to calculate a by looking at a fiberwise quotient S l (X) / (Z/n) of the 
n-action on S . This admits a non-trivial finite complex local system and therefore has 
a non-trivial higher twisted torsion. 

Before we prove the main theorem, we will extend a higher twisted torsion invariants 
to have values on bundles with vertical boundaries and then define a relative torsion 
for bundle pairs (defined in section 4), which we will use to deconstruct any bundle into 
easier pieces and keep control over the torsion. 

In the fifth section, we will show that the main theorem holds on ^-bundles even 
if the torsion is not lens space tame. 

Then we will define the difference torsion to be 

t s :=t- ar IK - bM 

and we will see that t s = for every sphere and disk bundle. The main theorem states 
that if the bundle is lens space tame and thereby the difference torsion is zero on every 
lens space bundle (that is a bundle with a lens space as fiber), then it is zero on any 
bundle with simple fiber and a base whose fundamental group is finite. Simple means in 
this context that the first homotopy group tc\F acts trivially on the homology H*(F; Z). 
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It is the goal of further research to drop this assumption, and we will give a proof that 
the difference torsion of every torsion invariant is zero on every odd dimensional linear 
lens space bundle, so that it only remains to show that this forces the difference torsion 
to be zero on all lens space bundles. From this we can deduce that the difference 
torsion will be a fiber homotopy invariant, and in section 7 we will show that this fiber 
homotopy invariant must be trivial if it is restricted to bundles with rationally simply 
connected base and simple fiber. 

This paper is the product of my work with Kiyoshi Igusa during my stay at Brandeis 
University, Waltham, MA in the academic year 2011/2012. I want to thank Kiyoshi 
for the great support, advice, and guidance he offered me. I also want to thank Ulrich 
Bunke from my home university in Regensburg, Germany, for the many comments and 
corrections he contributed. 

2 Axioms and Definitions 
2.1 Preliminaries 

m P 

Throughout the whole paper, let F > E — > B be a smooth fiber bundle, where E 
and B are compact smooth manifolds, p is a smooth submersion, and F is a compact 
orientable n-dimensional manifold with or without boundary. In the boundary case, 
there is a subbundle OF — > d v E — > B of E. We call d v E the vertical boundary of 
E. We assume that B is connected and that the action of i\\B on F preserves the 
orientation of F . 

These are all assumptions one already makes for considering non-twisted higher 
torsion classes. Additionally to those, we assume that E comes equipped with a finite 
complex local system F. By "finite" we mean that there exists a finite covering E — >■ E 
such that the pull-back of the local system is trivializable. These local systems are 
sometimes also called hermitian local coefficient systems because they induce a well 
defined hermitian inner product on each fiber. We will often call J 7 just local coefficient 
system. 

Now we repeat another construction from Igusa's paper (9): 

Let T V E denote the vertical tangent bundle of E. This is the subbundle of the 
tangent bundle TE of E consisting of all tangent vectors mapping to zero in TB, that 
is, T V E is the kernel of Tp : TE — > TB. The Euler class 

e(E) G H n (E;Z) 

of the bundle E is defined to be the usual Euler class of T V E. 
The transfer on oriented bundles 

trf : H*(E; Z) ->• H*(B;Z) 

is given by 

tr%(x)=p m {x\Je{E)), 
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where 



p* : H* +n (E;Z) ->■ H*(B;Z) 



is the push-down operator or Umkehr map. Over R, it is given as the composition of 
two maps 

H k+n (E; R) -> # fc (F; F n (F; R)) -> F fe (F; R) 

where the first map comes from the Serre spectral sequence of the bundle and the 
second map is induced by the coefficient map F n (F;Z) — > Z, given by evaluating on 
the orientation class of the fiber. For details see [13] or [8). 

If the orientation of the fiber F is reversed, both e(E) and p* change sign. Thus, 
the transfer is independent of the choice of orientation of F. For the basic properties 
of the transfer, see (J. The main property that we need is that, for closed fibers F, 

tr E B = (-lftrf . 

So, rationally, trp] = if n — dimF is odd. 



2.2 Higher Twisted Torsion Invariants 

Now we are ready to give the definition of a twisted higher torsion invariant. Most of 



the axioms were proposed by K. Igusa in 10 



Definition 2.1. A higher twisted torsion invariant in degree 2k with k G N is a rule 
Tfc, which assigns to any bundle F >■ E — >• B with closed fiber F and local coefficient 
system F on E a cohomology class 7fc(F, F) G H 2k (B;M.) subject to the following 
Axioms. We will drop the degree out of the notation most of the time and just write r. 

Axiom 2.2 (Naturality). is a characteristic class in degree 2k. That means for a 
map / : B' — )■ B and a bundle F ■=->■ F — )■ 5 with local coefficient system J 7 on E we 
have 

r k (f(E)J*F) = f*r(E,F) E H 2k (B';R), 
where /* denotes the pull-back along /. 

Remark 2.3. The naturality axiom immediately implies triviality on trivial bundles 
Tk(B x F,F) — if J- — 1 is the constant local system. Furthermore, if B is simply 
connected, the local system F on B x F will pull back from a local system Fp on F 
under the projection B x F — )■ F. Now we can look at an F-bundle E —> B' with 
local system Fe which induces the local system Ff on the fiber F* over the base point 
* G B' . If we pull back F along the trivial map const* : B — > B', we get the trivial 
bundle B x F — > B and the local system Fp will induce the local system F on B x F. 
Thereby we see that t(B x F, F) = for all local systems F on F x F as long as B is 
simply connected. 
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Let Ei and E 2 be bundles over B with local coefficient systems T\ and such 
that there is an isomorphism <fi : d v E\ — > d v E2 7^ and we have for the restrictions of 
the local systems 

J 7 \d v E 1 — 4>*J r \d v E 2 - 

Then we can glue them together to a local coefficient system J 7 := T\ T 2 on E\ U ( j } E 2 . 

Axiom 2.4 (geometric additivity). In the setting from above we have for every twisted 
torsion invariant r 

t{E x U E 2 ,JF) = ^(r(DE 1 ,P l U id 7[) + r{DE 2 ,P 2 U id JJ)), 

where .Di?j denotes the fiberwise double i^Uid-E^ with a left copy E\ and a right copy E\ 
of £/ glued together along their isomorphic boundaries and the induced local coefficient 
system T\ U i( j T\. 

Now suppose again that p : E — > B is a bundle with closed fiber F and local 
coefficient system Jon £. Let q : D — > E be a ^"-bundle which is isomorphic to the 
sphere bundle of a vector bundle. We get the local coefficient system q*T on D by 
pulling back T along q. 

Axiom 2.5 (geometric transfer). In the situation above, for a twisted torsion invariant 
r, we have the following relation between the torsion class tb(D, q*F) G H 2k (B;M.) of 
D as a bundle over B and the torsion class TE{D,q*JF) G H 2k (E]H) of D as a bundle 
over i?: 

T B (D,q*F) = x(S n )r B (E, J 7 ) + ti%{j E (D, q*!')), 

where x denotes the Euler class, trf : H 2k (E; R) — > H 2k (B; R) the trace, and te(D, q*F) 
the twisted torsion class of D over E. 

Remark 2.6. We have x{S n ) = 2 or depending on whether n is even or odd. 

Remark 2.7. If we take a twisted torsion class r 2 k, we will get a non-twisted torsion 
class 

Vtw.(B) :=r(E,l)eH 4k (B;R), 

where E — > B is a bundle and 1 the constant local system on E. We will denote this 
non- twisted torsion invariant simply by t(E) without any local system in the argument. 

Since there are no higher torsion invariants in degree 4/ + 2 = 2k according to Igusa's 
definition p] we also need the following Axiom: 

Axiom 2.8 (triviality). For a twisted torsion invariant in degree 41 + 2, we have for 
every bundle E — )■ B and the constant local system 1 on E 

t(E,1) = G H Al+2 (B;R). 

These axioms so far were only modifications of the axioms for non-twisted torsion 
invariants. We also need some axioms concerning the local system J 7 on E : 
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Axiom 2.9 (additivity for coefficients). If J 7 = Ti for local systems Ti on E and a 
bundle E — >■ -B, we have for every twisted torsion invariant r 

r(E,^) = ^r( J E;,^). 

i 

Axiom 2.10 (transfer/induction for coefficients). If E — > B and E — >■ i? are bundles 
and 7r : — >■ £ is a finite fiberwise covering, then we have for every local system J 7 on 
E 

t(E,J-) — t(E,tt^J-), 
where 7T* denotes the push-down operator for local systems. 

Remark 2.11. K. Igusa proposed this axiom originally in the following form (see [To]), 
which corresponds to our formulation: 

If G is a group that acts freely and fiberwise on E — > B, H is a subgroup of G, and 
is a unitary representation of H, then the torsions of the orbit bundles E/G, Ej H — >■ S 
are related by 

r(E/G,Ind%V) = t(E/H, V). 

Besides these two, we also need a very specific continuity axiom stated in section 
5.2, which involves a lot of machinery. Following a conjecture of Milnor, we should be 
able to drop this axiom. We will discuss this matter as we get to it. We will also state 
the axiom in its specific form at the one point, where we will use it. 

3 Statement 

3.1 Examples of Twisted Higher Torsion Invariants 

There are two key examples for higher torsion. The first one is the higher Franz Rei- 
demeister torsion or Igusa-Klein torsion 

4 K (E,d E,T)EH 2k (B;R), 

which is defined for any unipotent bundle pair (F, doF) — > (E, d^E) — > B with d^E C 
d'"E and local system T on E (for details, see [7]). 
K. Igusa proved the following result in [8] : 

Theorem 3.1. Igusa-Klein torsion invariants are higher twisted torsion invariants for 
bundles with closed fibers. 

Besides this torsion, we also have the Miller-Morita-Mumford classes in degree 41 
with / G N 

M 2 \E) :=trf((2Z!)cM™)), 

where chu{T v E) = \ch^{T v E <g> C). We will consider this to be a real characteristic 
class. K. Igusa also showed that this class is a higher non-twisted torsion invariant 
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(see (9J). To make it a higher twisted torsion invariant we simply define for an Tri- 
dimensional local system F on E 

M 2l (E,F) := mM 2l (E) G H Al (B;R). 

Furthermore we set 

M 2l+1 (E, F) := 0, 

since there is no non-twisted torsion in degree 2k = 2(21 + 1), and the twisted MMM 
torsion always induces non-trivial non-twisted torsion. Knowing that the MMM class 
is a non-twisted torsion invariant as shown in [9] (and therefore fulfills the first three 
axioms) it is now easy to see: 

Theorem 3.2. The twisted MMM class is a higher twisted torsion invariant. 

Proof. Triviality is obvious, since the whole class is trivial in dimension 2k = 2(2/ + 1). 
Additivity follows from the fact that the MMM class has a coefficient depending linearly 
on the dimension of the local system. We have not introduced the continuity axiom yet, 
but it will require the torsion class to depend continuously on the local system. It is 
met by the MMM class, since a transfer of coefficients leaves the MMM class constant. 

So it only remains to show the transfer for coefficients axiom. Take two bundles 
E —7- B and E — y B so that tc : E — > E is an n-fold fiberwise covering. Assume we have 
an m-dimensional local system F on E. Since the MMM class only takes the dimension 
of the local system in account we have 

M(E, tt^F) = mnM(E) 

and since M(E,F) = mM(E) it remains to show that 

M(E) = nM(E). 

Let us first recall the definition of the MMM class as 

M 4l (E) = t r *((2l\)ch 4l (T v E)), 

where trf(x) = p*(x U e{T v E)) with the push-down operator : H* +l (E;Z) — > 
H*(B; Z) where I is the dimension of F. Now we have the n-fold covering it : E — > E 
and the following pull-back diagram: 

T V E ^T V E 

E ^E. 

By naturality, this implies ch Ai {T v E) = 7c*ch Al {T v E) and e{T v E) = n*e(T v E). Further- 
more we have the following commutative diagram relating the push-down operators for 
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E and E : 



H* +l (E;Z) 



H* +l (E;Z) 





H*(B;Z). 



Putting everything together we 



calculate 



M 2 \E) 



p*(ch il (T v E)Ue(T v E)) 
p*(n*(ch 4l (T v (E))Ue(T v E))) 
np*(ch il (T v E)Ue(T v E)) 
nM 4l (E) 



and this completes the proof. 



□ 



Now we know that for any bundle F — >■ E — > B with closed /-dimensional fiber F, 
twice the transfer map trf is zero, if / is odd. Therefore we get 

Proposition 3.3. M k (E ) F) = for closed odd dimensional fiber F. 

With these examples at hand, we can make the following definition. 

Definition 3.4. A higher twisted torsion invariant r is called lens space tame (LST) 
if there exist scalars a and b such that 



for every bundle E L —■ B with an (exotic) lens space as fiber and every local system F 



Remark 3.5. We conjecture that it follows from the axioms that such numbers must 
exist for every torsion invariant and we will prove within this paper that they do if 
we restrict to linear odd dimensional lens spaces in the fiber. It is the goal of further 
research to generalize these results and show that every higher twisted torsion invariant 
is lens space tame. 

3.2 The Space of Twisted Torsion Invariants 

Now we are moving on to the space of higher twisted torsion invariants in degree 2k. 
We begin with the following elementary observation: 

Lemma 3.6. For each k, the set of all twisted torsion invariants of degree 2k is a 
vector space over R. 

Proof. The axioms are homogeneous linear equations in r. □ 



r(E L ,F) 



ar IK (E L ,F) + bM(E L ,F) 



on E L . 
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Of course, the same statement holds for the set of non-twisted higher torsion invari- 
ants. K. Igusa proved for the space of non-twisted higher torsion invariants in (9l: 

Theorem 3.7. For any k the space of higher non-twisted torsion invariants in degree 
4k is two dimensional and spanned by the non- twisted MMM class M 4k and the non- 
twisted Igusa-Klein torsion . In other words, for any non-twisted torsion invariant 
r there exist unique a,b el so that 

T = ar lK + bM. 

Now, let Top fi n be the full subcategory of Top of topological spaces with finite 
fundamental group and Top S i m the full subcategory of simple topological spaces. A 
space F is called simple if the fundamental group Ti\F acts trivially on the homology 
H*(F;Z). In this paper we attempt to prove the following twisted version of Igusa's 
theorem: 

Theorem 3.8 (Main Theorem). Let r be a lens space tame higher twisted torsion class. 
Then there exist scalars a and b such that 

t(E,F) = ar IK (E, J 7 ) + bM (E, J 7 ) 

for all bundles F ^ E —> B with local system T on E, F 6 Top S i m and B 6 Topji n . If 
the degree of r is 41, both scalars a and b are unique, and if the degree of r is 41 + 2, 
the scalar a is unique and we take b to be (because M Al+2 is everywhere). 

We conjecture that every torsion invariant is lens space tame and that one can also 
drop the assumption on B. It will be subject to further research to prove this and get 
a proof for the following conjecture: 

Conjecture 3.9. The space of higher twisted torsion invariants in degree 2k is two 
dimensional and spanned by the twisted MMM class and the twisted Igusa-Klein torsion, 
if k is even, and one dimensional and spanned by the Igusa-Klein torsion, if k is odd. 
In other words, for any twisted torsion invariant r, there exists a unique a G K and 
there exists a (not necessarily unique) b Gl, so that 

T = ar IK + bM. 

Remark 3.10. If k is even, we get a non-twisted torsion invariant from the twisted one 
by always inserting the trivial representation. Then the numbers a and b used in both 
theorems above will be the same. 

The rest of the paper is dedicated to the prove of the main theorem. First we will 
work in greater generality. We will consider r to be lens space tame, B to have a finite 
fundamental group and F to be simple later in the paper. 

3.3 The Scalars a and b 

Now we try to determine the scalars a and b, by evaluation on S^-bundles. 
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3.3.1 In degree 2k = 41 

Let us first look at a twisted torsion invariant in degree 2k = 41. In this case the scalars 
must be the same as the ones we get for the corresponding non-twisted torsion. To 
determine them we follow Igusa's approach M and look at the universal S 1 = U(l) = 
S'0(2)-bundle A over CP 00 = BU(1). Furthermore, let S 1 (X) be the associated circle 
bundle with A and S 2 (X) the S^-bundle associated with S 1 (\) (by fiberwise suspension 
of S l (X)). Since the cohomology ring of CP 00 is a polynomial algebra generated by 
Ci(A), the cohomology group H 2k (CF°°; M) = R is generated by ch 2k {X) = c\/k\. 

From this, we immediately get scalars Si,s 2 G M for any twisted torsion invariant 
in degree 2k = 41 with 

r(S 1 (X)) = s 1 ch 2k (X) 

and 

r(S 2 (X)) = s 2 ch 2k {\). 
Furthermore we have the following two propositions (from [8] and (9]): 

Proposition 3.11. Substituting 21 = k we get 

4 K (S n (X)) = (-l) l+n a2l + l)ch, l (\). 
Proposition 3.12. M k (S 2 (X)) = 2fc!c/i 2fc (A)!. 

Now we are taking in account that the MMM class is trivial on odd dimensional 
fibers, and therefore we get that t(S 1 (X)) = ar IK (S 1 (X)). From this we get 

a = Sl /((-l) 1+i C(2/ + l)). 

Looking at the S 2 (X) case, we have 

s 2 = a(-l) / C(2/ + 1) + b2k\ = - Sl + b2k\ 

and therefore 

, Si + S 2 

b= ^2kT- 

3.3.2 In degree 2k = 41 + 2 

Now let the degree be 2 k = 41 + 2. In this case r does not define a non-trivial non- 
twisted torsion invariant. On the other hand we also just need to determine a since the 
MMM class vanishes in this degree. 

In the degree 2k = 41 + 2 case we cannot use the standard universal bundle for 
linear S^-bundles ES l — > BS 1 , since ES l is contractible and therefore will not admit 
a non-constant local system. But we can replace it by a very similar construction. 
First recall that ES 1 can be constructed as follows: Take S 1 C C and 5' 2Ar_1 C C N . 
Then we have a fibration S 1 e — >■ S 21 ^^ 1 — > CP^™ 1 . Taking the limit of this will yield 
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an S^-bundle with total space S°°, which is contractible and therefore the universal 
^-principal bundle S 1 ^ S°° -»■ CP 00 . 

Now we can look at a Z/n- action on S* 1 given by multiplication with the primitive 
n-th root of unity e 2/K% l n . This will give rise to a fiberwise Z/n- action on the bundle 
S 1 ^ S 2N - X CF N ~\ The action of Z/n on S^' 1 is by construction the same as the 
one being taken to get a lens space L™' 1 as quotient out of ) f> 2JV ~ 1 . Therefore taking 
the fiberwise quotient under the given Z/n- action gives a bundle (since S 1 jn = S 1 ) 

S 1 L 2 n N - 1 CP"" 1 , 

which yields in the limit to 

S l m> -> CP 00 . 

We will refer to this bundle as S 1 (X)/n, since it has the ^-bundle associated with the 
universal line bundle as its n-fold covering. The n-fold Galois covering S 2N ~ l — > L 2 ^^ 1 
gives a covering S 2N ~ 1 x C — > L 2 1 where a fixed generator of Z/n acts on C by 
multiplication with an n-th root of unity ( n . Using this we can make the following 
important definition. 

Definition 3.13. In the setting above, the non-constant local system JF^ n on L 2 ^" 1 is 
defined to be the non-constant local system of sections of the covering S 21 ^^ 1 x C — > 
L„ -1 . The non-constant local system J-^ n on is defined as the limit of these local 
systems on L 2 ^" 1 . 

Again, we can use the fact that the cohomology of CP 00 is a group ring and that 
H 2k (CF°°; R) will be spanned by c/i 2 fc(A) and therefore 

T(S 1 (\)/n,J r (n ) = sic/i 2fc (A). 

Furthermore we have again the following result from K. Igusa [8]: 

Proposition 3.14. For the Igusa-Klein torsion we have 

r IK {S\\)/n,JF u ) = -n k L k+1 (( n )ch 2k (\), 

where L k +i denotes the polylogarithm 




Putting this together we get 

a = -s 1 /{n k L k+1 (Q). 
We will prove later that a is independent of the choice of the local system. 
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4 Extension of Higher Twisted Torsion 



In this section, which strictly follows the corresponding section in [9], we will extend a 
twisted torsion invariant r to bundles whose fibers have a boundary and then define a 
relative torsion for bundle pairs. 

Definition 4.1. A pair of bundles (F, do) — > (E, do) — >■ B is called a bundle pair, if the 
vertical boundary d v E is the union of two subbundles d v E = 8qE U d\E, which meet 
along their common boundary 8qE D d\E = d v doE = d v d±E. 




Figure 1: The fiber over x of a bundle pair with fiber F = D 2 
4.1 Bundles with Vertical Boundary 

First we define the higher twisted torsion on bundles with vertical boundary: 

Definition 4.2 (Higher twisted torsion for bundles with vertical boundary). Suppose 
F ■=->■ E — » B is a bundle with vertical boundary d v E — > B and local coefficient system 
J 7 on E and r is a higher twisted torsion invariant. Then the twisted torsion of the 
bundle with boundary is defined by 

t(E,F) := ^(r(DE,P U id F-) +T(d v E,F l9 * E )), 

where DE := E l U;d E r denotes the fiberwise double as before. 

At first we have the following Lemma: 

Lemma 4.3. Suppose Ei (1 < i < A) are bundles over B with local systems J 7 so that 
there are isomorphisms <pij : d v Ei — > d v Ej for all i < j and the local systems satisfy 
(ty^Ei = ^(F^^Ey Then 

t(Ei U^ 12 E 2 , T\ U^ 12 T%) + r(E 3 U<^ 34 E$, JF-a U<^ 34 F4) 

= t{E\ U0 13 E 3 , Fi U^ 13 F 3 ) + t(E 2 U0 24 E 4 , F 2 U0 24 F4). 
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Proof. Both sides are equal to \ J2i T (DEi, T\ Uid T\) by the additivity axiom with the 
usual left and right copies of Ei and T{. □ 

Lemma 4.4. Let E be a bundle with local coefficient system T on E , then 

r(d v E,^ E ) = r(d v (E x D 2 ), T ind ), 
where Tmd is the induced representation explained below. 

Proof. We have d v (E x D 2 ) = d v E x D 2 Uqv ExS i E x S 1 . Furthermore we have a local 
systems T\ on d v E x D 2 and Ti on E x S 1 given by the pull-back along the projection 
to the i?-factor of the local system there. These two local systems will be canonically 
isomorphic on d v E x S* 1 and therefore can be glued together to the local system T ind 
on d v (E x D 2 ). Additivity guaranties that 

r(d v (E x D 2 ), T ind ) = l -{r{d v E x S 2 , T[ U id J^)+r(DE x S\P 2 U id ^)), 

with the usual induced representations on the fiberwise doubles. But we have r(d v E x 
S 2 , J r {Ui d J r 1 r ) = 2r(d v E, T\go E ) and ^DExS 1 , J|U id ^) = by the transfer axiom. □ 

Lemma 4.5 (additivity in the boundary case). Suppose E is a bundle over B and 
(Ei, do) and (E 2 ,d ) are bundle pairs such that E X ,E 2 C E, d E 1 = d E 2 — E\ D E 2 
and E — E\ U E 2 . Let T be a local system on E and T\ := F\ El and F 2 := T\ E2 , then 

t(E, U E 2 ,T) = t(E u Ji) + r(E 2 , T 2 ) - r(E x n £ 2 , Tj^nifc). 

Proof. We extend the terms, using the defining equations 

r(Si,7i) := ^^(DE^^Uid J- i ) + r(^,(^)|^J) 

t(E x UE 2 ,T) := ^(tTOU^),^^)) 

r^n^J^n^) := ^(r(D(E 1 nE 2 ),J' lEinE2 U id F EinE2 ) 

+ r(d v (E 1 nE 2 ),^ ldHEinE2) )). 

Recall that d v Ei = d EiUdiEi, where they meet along doEiddiEi = d v d Ei = d v diEi. 
An application of an earlier Lemma gives 

r(d v Ei,J r \ d v El ) + r(d v E 2 ,J r \ d v E2 ) = r(d E 1 U diE 1 ,J r \ doEl Uqv 9oEi J^a^J 

+ T~(d E 2 U d\Ei, T\q^ E2 Uqv 9qE2 J r |a 1 e 2 ) 

= r(d 1 E 1 U 9i-E 2 , -^diBi U^a l)Sl ^a^J 

+ r(d E 1 U (9 -E2, -^aoSi Ug^aoEj -Fjao^) 

+ r(D(£?! n E 2 ),T\ EinE2 U id J^). 
14 



The same Lemma gives furthermore (where the shared boundary is D(8qEi) = D(doE 2 )) 

t(DE 1 ,F) + t(DE 2 ,F) = rpiUg^EOUlx^n^),^) 

+ t((E 2 U dlE2 E 2 )Ulx (E 1 n E 2 ),F) 

= t((Ei U dlEl E 1 ) U (E 2 U dlE2 E 2 ),F) 

+ r(D(Ix(E 1 nE 2 )),J^) 

= t{D{E 1 U E 2 ), JT) + T (D(I x {E l n E 2 ),J)). 

To unburden notation, we denoted every local system by J 7 . They are all induced 
naturally by restriction or gluing along the identity from the given local system T on 
EiUE 2 . Especially the local system T$ on I x (E 1 n £2) is constant on /. Furthermore, 
we have 

r(D(ix(E 1 nE 2 )), J- 3 u id j- 3 ) = r^^x^n^)), j- md ) = r(9"(£; 1 n£; 2 ), J] 9 . (Bin£2) ), 

where Ti n d is the induced local system from the previous lemma. Putting all this 
together gives the Lemma. □ 

To develop the transfer formula in the boundary case, we first need the following 
Lemma: 

Lemma 4.6. If E = E\U E 2 is a union of two smooth bundles along their common 
vertical boundary d v E 1 = d v E 2 — E 1 D E 2 , we have 

trf (x) = trfixlE,) + tr E2 (x\E 2 ) - tr% El {x\d v E x ) . 

Lemma 4.7 (Transfer in the boundary case). Let X — >■ D A E be an oriented disk or 
sphere bundle over a bundle F — >• E — >■ B with local coefficient system T on E . As for 
the transfer axiom this pulls up to a local coefficient system q*T on D and we get 

t~b{D, q*J-) = x(X)T(E,7)+tT%(T E (D),q*F). 

Proof. We first consider the case where F does not have a boundary and is therefore 
closed. The case where X is closed, and so a sphere bundle, is simply the transfer 
axiom. So we are just considering the case X = D n for the n-dimensional linear disk 
bundle D = D(£) and F closed. We have the following two examples of the original 
transfer axiom (using S n (£) = DD(£)) 

r B (S n (0, (q*F) 1 U id (q*F) r ) = X {S n )r{E, T) + tr E (r E (S n (0), U id (q*F) r ) 

r B (s n '\o,(q*F) lsn - HO ) = x (s n ~^E,F) + tr E B (T E (s n -\0)dq*ns--Ho) 

Taking half of the vertical sums here we get 

r B (D(0,q*D(0) = t(E,J^) +tr E B ( 1 -(r E (S n (0,(q*r) 1 U id (q*J^Y) 

+ T E (S n ~\ (q*F) S »- H t)))) 

= x(D(OME, T) + ^ E {r E {D{i)\q*T\ 
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as desired. 

Now we are turning to the case, where F has a boundary and X is either a sphere 
or disk bundle. Write DE = E l UE r for a left and right copy E l and E r of E that meet 
along their vertical boundary. Name the disk bundles over E l and E r by D l and D r 
meeting at D l fl D r = q~ 1 (d v E), where q : D — >■ denotes the bundle map. Now we 
can use the following transfer formulas (since they resemble the case, where F is close) 

T B (D l UD r ,(q*F) l U id (q*F) r ) = X (X)r(E l U E r , P U id F) 

+ tT E B ' uEr (r EluE r(D l U D r , (q*F) 1 U id (q*F) r )) 

tb(D 1 fl D r , q*F\ D i r]D r 

+ t4 nEr (r ElnE r(D l nD r ,q*T lDlnDr )). 

Next we can use the additivity in the boundary case and the trace formula and by 
taking half of the vertical sum, we get 

T B (D,q*F) = X (X)r{E,T)+tT E (T E (D),q*T). 

□ 



4.2 Relative Torsion 

Now we turn again to bundle pairs. 

Definition 4.8 (relative Torsion). For a bundle pair (F, do) — > (E, do) — > B with local 
coefficient system J 7 on E we define the relative torsion to be 

t(E, do, F) := t(E, 7) - r(d E, JF\ doE ). 

We get the following Propositions, which are easy to prove: 

Proposition 4.9 (relative additivity). Suppose E — >■ B is a smooth bundle with local 
coefficient system J 7 , which can be written as the union of two subbundles E = E\ U E2, 
which meet along a subbundle of their respective vertical boundaries E\ fl E2 = BqE2 C 
d v Ei. Let d v E l = d Ei U d\Ei be a decomposition of d v E x , so that d E 2 C diEi and 
(Ei, d ) — > B, % = 1, 2 are smooth bundle pairs. Then (E, d E) — > B is and 

t(Ei U E 2 ,d E 1 ,7) = T{E x ,do,F\ El ) +r(E 2 ,d , F ]Ea ). 

Proof. By Proposition 45] both sides of the equation are equal to 

t{Ex,jF\ Ei ) + t(E 2) J z \e 2 ) - t(E 1 n E 2 ,J : \E 1 nE 2 ) ~ r{doEi, F^Ex) 



□ 



We also have the following proposition without proof. 
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Proposition 4.10. Suppose (E, do) — >■ B is a union of two bundle pairs (Ei, doEi) with 
local coefficient system F. That means we have E = E\ U E 2 and doE = d$Ei U doE 2 
with E x D E 2 C diEx fl d x E 2 . Let E — E 1 n E 2 and d E = E fl d E and suppose 
(E ,d ) is a bundle pair. Then the torsion of (E,d ) is given by 

r(E,d ,F) = T(E u do, F\ El ) + r(E 2l do ) J r \E 2 ) - t(E , d , F\ Eo ). 

To state the transfer axiom in the relative case, we need the relative transfer: 

tr$f A,) : H*{E;M) -> H*{B;R), 

given by 

t4 E ' ao) = p*(xUe(E,d )), 

where 

: H* +l (E, d v E;M) H*(B;M) 
is the push-down operator and 

e(£,d ) G H ( E,d v E;R) 

is the relative Euler class given by the pull-back of the Thorn class of the vertical 
tangent bundle T V E along any vertical tangent vector field which is nonzero along the 
vertical boundary d v E and which points inwards along d$E and outward along d\E. 
The relative transfer satisfies the following two equations for any x G H*(E; R): 

trf do \x) = tr^(x)-t^ E (x\d E) 
trg^ = (-l)'tr^. 

And tr^f' 1 ^ op* : H*(B) — > H*(B) is multiplication by the relative Euler characteristic 
of the fiber pair (F, d ): 

x(F,d ):= X (F)-x(d F). 

Proposition 4.11 (relative transfer). Let (F,d ) — > (E,d ) — > B and (X,d ) — > 
(D, 0q) A E be bundle pairs with local system F on E, so that the second bundle 
is an oriented linear S n or D n bundle with d X = S" 1 ^ 1 , D n ~ x or 0. Then 

t b (D, d D U q- l d Q E, q*F) = X (X, d )r(E, d , F) + tr E /° {t e {D , d , q*F)). 

Proof. We already proved the case where both doF and 8qX are empty. The case where 
8qX is empty follows easily from 

r B (D, q-'doE, q*F) = r B (D, q*F) - Mq^doE, q*F\ q -i doE ) : 

The first term on the right hand side is 

i~b(D, q*F) = X (X)r(E,F)+tr E (r E (D, q *F)) 
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and the second term gives 

T B {q- l d Q E,q*F ]q -, 8oE ) = x(X)T B (d E, F\ doE ) + tT^ E {r 9oE {q- 1 d E,q*T ]q -i doE )). 

Using x{X, d X) = x(X) (since d X = 0) and the formula ti^ 9o (x) = ti E (x) — 
ti^ E (x\doE) gives the Lemma in that case. 

The general case follows from the following two examples of the OqX = case 
(Again, we are unburdening notation by writing J 7 for any local system induced natu- 
rally by pulling back along q and restricting): 

t~b(9oD, OqD H q~ 1 doE, J 7 ) = X (<9 X)r(£, d , F) + tr? ' do) (T E (d D, JF)) 
T B {D,q- l d E^) = x(X)T(E,d Q ,F)+trf 9o \T E (D,F)) 

Taking the second formula minus the first gives on the left hand side using the general 
additivity 

T B (D,q- 1 d E,F)-T B (d D,doDnq- 1 d E,jr) = t b (D, T) + r B (d D n q^d Q E, T) 

T B (q~ 1 doE, J 7 ) — T B (doD, J 7 ) 
= T B (D,T)-T B (d DUq- 1 d E,F) 
= T B (D,d DUq- l d E,F) 

and on the right hand side the desired term to prove the Lemma. □ 

Remark 4.12. Note that we do not have an analogous to the product formula (Corollary 
5.10 in g). 

We still have this important corollary from the transfer formula: 

Corollary 4.13 (stability theorem). If (E, do) — )■ B is a smooth bundle pair with local 
system J 7 on E, then so is (E x D n , 8qE x D n ) and the relative torsion is the same: 

t(E x D n ,d E xD",Jxl) = T(E,d , J 7 ), 

where T x 1 is the local system constant on D n . 

5 Calculations for Higher Twisted Torsion 

5.1 Reduction of the Representation 

In the following we will simplify the local system of the bundles. 

Let F •— > E — > B be a fiber bundle and J 7 a finite local system on E. This corre- 
sponds to its holonomy cover E — >• E with finite transition group G and representation 

Q 

p : G — > U(m). On the other hand every finite covering E — >■ E with representation 
p : G —> U{m) gives us a local system T p as the sections of the bundle E x G C m — » E 
where G acts on C m via p. This construction is a 1-1-correspondence. 
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Now let H C G be a subgroup. From the covering E — >■ £ we get coverings 
717/ : EjH E and A E/H. Suppose we have a representation p# : H — >■ U(m) 
and thereby get a local system on E/H. Then we can either form the induced 
representation Ind^^pn) '■ G —> U(m) and its corresponding local system J-indG( PH ) on 
E or the local system n*J- pH on E 1 given by the push-down of the local system T p . It 
follows from an easy calculation that 

? Ind%( PH ) — {^h)*? o h - 

■ — " Q 

Let T be again a local system on E corresponding to a finite covering E — >■ E with 
representation p : G — > U(m). Let "H = be the finite set of cyclic subgroups if; of 
C By Artin's induction theorem, we can write the character of p rationally as linear 
combination of characters of one dimensional representations. Since we are working 
over C, we therefore can write p rationally as a linear combination of one dimensional 
representations Aj : Hi — > U(l) and inductions thereof. Concretely we have 

np = Q)niInd%{\i) 

i 

with n, rii G Z. 

Let r be a twisted torsion invariant and 7Tj : E/Hi — > E be the coverings correspond- 
ing to the finite cyclic subgroups of G, then we have using the transfer of coefficient 
axiom and the calculation above 

nr(E,T) = ^n i T(E,F Ind G i{x . ) )=^n i T(E,(it i )*F x .) 

i i 

= J2 n i^/Hi,jr Xi )eH 2k (B;R). 

i 

Therefore it suffices for the rest of the paper to work with local systems with n-fold 
holonomy covers with cyclic transition group Z/n. 

Now let F — > E — » B be a bundle with local system J 7 on E and the base B having 
a finite fundamental group. We have the universal covering q : B — >■ B and pulling 
back E along q gives a bundle E := q*E — > B with local system T := q*T . Naturality 
implies 

t(E, 7) = q*r(E, 7) E H 2k (B; R). 

Furthermore we know that q* : H 2k (B; R) — > H 2k (B; R) is injective because q : B — >■ 
is a finite covering. By this construction it suffices to prove the main theorem only on 
bundles with simply connected base. 

For such a bundle F <—} E — >■ I? the induced local system on the fiber F x over 
x £ B does not depend on x and completely determines the local system J 7 on i?. 
Therefore we will always look at bundles F )• E — >■ -B with simply connected base i? 
and local system JonF (and thereby i?). 
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5.2 Twisted Torsion for ^-Bundles 

Our goal in this section is to calculate all higher torsion invariants on S^-bundles. To 
be precise, we want to show the following theorem: 

Theorem 5.1. For every S 1 -bundle S 1 E — )■ B with B simply connected and local 
system T on E with n-fold holonomy cover E n — > E every twisted torsion invariant t 
is given by 

t{E,F) = ar IK (E,F), 
where a is the scalar defined earlier. 



We will follow an approach K. Igusa introduced in 10 



Since BDif f(S l ) ~ BSO{2) it suffices to look at linear S^-bundles. These pull 
back from the universal ^-bundle S 1 (X) given by S 1 ^ S°° — > CP°°. 

Let E — > B be an S^-bundle with local system T on E inducing a finite holonomy 
covering. At first we look at the n-fold holonomy Galois covering 




Now E n is again a linear S 1 bundle with fiberwise n-action. This will pull back equiv- 
ariantly from the universal ^-bundle 5' 1 (A) given by S°° — > CP 00 , which also admits 
an n-action. Therefore E will pull back from the quotient S' 1 (A)/(Z/n). Also the local 
system J 7 on E will pull back from the local system J-^ n on S°° for some n-th root of 



unity Cn- We defined this earlier in Definition 3.13 to be given by its holonomy cover 
S' 1 (A) xC S 1 (\)/n where the action on C is given by multiplication by ( n . So because 
of naturality it is enough to show 



Theorem 5.2. 



r(S\X)/n,^ n ) = ar IK (S\X)/n,^ n ) 6 H* k 



for all n and £ n . 



First we will prove two important Lemmas already introduced in 10 . These Lem- 



mas will isolate certain properties of r(S' 1 (A)/n, J 7 ^) thought of as a function of (. Then 
we can use a theorem of Milnor to show that the space of functions satisfying these 
properties is one dimensional and this will prove the theorem. 
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Lemma 5.3. Suppose we have a bundle E — >■ B and a free fiberwise nm-action n, m G N 
on E. Then we have for any twisted torsion invariant and n-th root of unity £ n 

r{E/n, J* C m) = TiE/fam),^), 

where the local systems J-^ n on E/n are given by the construction above. 

Proof. Denote the projection tc : E/n — > E/(nm). The Peter Weyl theorem gives us 

5 m =i 

Now we can use the transfer of coefficients and the additivity axiom to get 
r(E/n,F ( rn) =T(E/(nm),7r*F C rn) = ^ T ( E / fa™) > ■ 

□ 

Lemma 5.4. For every linear S 1 - bundle E — > B and any n-th root of unity ( n , we 
have for every twisted torsion class in degree 2k 

r(E/(nm),T (n )=m k r(E/n,T u ). 

Proof. Again we look at the universal circle bundle 5' 1 (A), and by the naturality axiom 
it is enough to show the Lemma only on E = S 1 (X). The quotient S 1 (X)/m is again a 
circle bundle over CP 00 and therefore classified by a map 

f m : CP 00 -> CP 00 . 

In degree 2 we can see (by looking at circle bundles over spheres S* 2 ) that this map 
is multiplication by m on H 2 . Then it follows that is multiplication by m k on 
if 2fc (CP°°; R). The classifying maps for S 1 (X)/nm and S 1 (X)/n are related by 

fmn fn fm- 

The Lemma now follows from naturality. □ 



Besides these two Lemmas, we will make use of a result dating back to Milnor in 
He looked at functions / : Q/Z — > C satisfying the Kubert identity 
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for fixed s and all integers m and all x G Q/Z. Identifying Q/Z with the roots of unity 
in C (by x H- e 2mx \ we can write f[x) = L(e 2 ' Klx ) and the Kubert identity becomes 

L{C)=m s ~ l Y J L{a)- 
Milnor proved the following result: 
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Theorem 5.5 (Milnor, 1983). Let Q/Z have the quotient topology. The space of con- 
tinuous functions f : Q/Z — > C satisfying the Kubert identity is two dimensional and 
splits into two one dimensional spaces, the first of which contains all the functions with 
L(Q = L(() and the second, the ones with L(Q = —L((). 



It is an unproven conjecture by Milnor (also in [12]) that one can drop the continuity 
assumption on / and the theorem would still hold in the same form. 

Proof of Theorem 5.2. To any higher twisted torsion invariant r we get for any ra-th 
root of unity a coefficient s\(t, £) in 

r(S\\)/n, JF C ) d = Sl si(T,(,n)ch 2k (\) G H 2k (CF°°; E) E. 
Identifying Q/Z with the roots of unity, we get a function f T : Q/Z — > E defined by 

/r(C) : = nfc Sl ( T '^' n )' 

where = 1. This is well defined, since by a previous Lemma we have 

r(5 1 (A)/(nm),J ( ) = m k r(S 1 (X)/n,J : < ), 

so / T (C) is by construction independent from the choice of n with ( n = 1. 

Our goal is to show that this satisfies the Kubert identity and then to use Milnor's 
result to prove our theorem. But for this, f T needs to be continuous, a fact which we 
cannot prove, but must assume. Therefore we need the following last axiom: 

Axiom 5.6 (Continuity). For any twisted torsion invariant, the function f T : Q/Z — > E 
constructed above is continuous. 

Continuation of the proof. Now we calculate for £ 6 Q/Z with ( n = 1 using the two 
Lemmas from above: 

fr(C)ch 2k (\) = -^— k r{S\X)/nm^ cm ) 
mrn K 



m k n k 



m 



k 



/r(ft)cMA). 



So f T satisfies the Kubert identity (with s = k + 1) for any r. 

Now we need to check which one of the two one dimensional subspaces of the space 
of functions satisfying the Kubert identity f T is in. For this, we note that the change 
of representation from ( to ( represents a change of orientation in the fiber. So it 
corresponds to a map g : CP°° — > CP°°, giving g* : n 1 S 1 — > n 1 S 1 as multiplication by 
— 1. Using that 7r 1 5' 1 (A)/n = Z/n, we get the following commutative diagram relating 
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the exact sequence of the homotopy groups of the fibration S 1 °->- S 1 (X)/n — > CP°° to 
itself under g*: 

ttsCP 00 *- Z — ^ Z/n >■ 

1 9* 
^Cpoo z ^ Z / n _ o. 

From this one can see that : ^CP 00 — > ^CP 00 is multiplication by —1. Since 
simply connected, g* is also multiplication by —1 in homology of degree 2. Since 
an Eilenberg-MacLane space, g* must be multiplication by —1 on degree 2 cohomology 
and therefore multiplication by (— l) k on degree 2k cohomology. 
This yields 

/.(C) = (-l)Vr(C) 

for any r with degree 2k. So f T is in one specific one dimensional subspace of the space 
of functions satisfying the Kubert identity for every torsion invariant r of degree 2k, 
and therefore we have for an arbitrary torsion invariant r and the Igusa-Klein torsion 

T IK 

fr = Clf T IK 

for a certain a G R. This translates to 

r(S 1 (X)/n,T c )=ar IK (S 1 (X)/n^ c ) 

for each root of unity ( and proves the theorem. □ 

Remark 5.7. Given that Milnor's conjecture on continuity is correct, we do not need 
the functions f T to be continuous anymore and therefore can drop the whole continuity 
axiom. 

6 The Difference Torsion 

Given a twisted torsion invariant r, we can now form the twisted difference torsion 

t 5 := r - ar IK - bM, 

where the scalars a and b are the ones from the statement (and b is if the torsion has 
degree 41 + 2). Our goal now is to show that t 5 (E, J 7 ) = for every bundle E — > B 
with every local coefficient system J 7 on E and rationally simply connected B. Clearly, 
t 5 is a twisted torsion invariant. 

6.1 lens Space Bundles 

Although it suffices for the main theorem to prove that the difference torsion is zero 
on every bundle, assuming that it is zero on every lens space bundle, we still want to 
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show how one might deduce from the axioms that the difference torsion has to be zero 
on lens space bundles and thereby show that every torsion invariant is lens space tame. 
At this point, we will have to end this section with a conjecture that will be subject to 
further research. 

The goal now is to show that the difference torsion is zero on every lens space bundle 
— > B with local coefficient system T on E^ ■ We already know from the base 
case that the difference torsion is zero on every S 1 bundle. Furthermore, if we take an 
S" z -bundle with I > 1 or disk bundle, we know that the fundamental group of the fiber is 
trivial and it therefore admits no non-constant local system. So the twisted difference 
torsion on these bundles is always given by the non-twisted difference torsion. But the 
non-twisted difference torsion is zero everywhere as K. Igusa showed in [9]. From this 
we get the following Lemma: 

Lemma 6.1. For the difference torsion t s associated with any higher twisted torsion 
invariant, we have 

r s (E,F) = 

for any disk or sphere bundle E — >■ B with local system T on E. 
At first we will prove: 

Lemma 6.2. The difference torsion is on any linear odd dimensional lens space 
bundle L^ N+1 E 2N+1 — > B. By linear we mean that it is covered by a linear sphere 
bundle S 2N+1 ^ E 2N+l B. 

Proof. The covering sphere bundle E 2N+l is a subbundle of an N + f-dimensional 
complex vector bundle. By the splitting principle, it suffices to look at the direct sum 
of N + f complex line bundles. The sphere bundle will become the fiberwise joint of 
the circle bundles associated with the line bundles: 

S 1 * . . . * S 1 El * . . . * E x N+l -»■ B. 

Now we have 

L 2N + i ^ (S 2N - x *S l )/n 

(S 2N - l /n)*(S l /n) 
= (S™- 1 x D 2 )/n U (s2 *- lxSl)/n (D 2N x S l )/n. 

Fiberwise, this gives us 

where H™- 1 -> B is a (S™- 1 x D 2 )/n bundle and E\ B is a (D 2N x S l )/n bundle, 
both meeting along their common vertical boundary given by an (^S 2N ~ l x S' 1 )/n-bundle 
G n . The n- action is hereby given by the simultaneous action on each component of the 
crossproducts. While the n-action on any disk is not free, the simultaneous action will 
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guarantee that it is free on the crossproduct. We can restrict every local coefficient 
system T on E 2N+1 to H 2N ~ X , H\ and G n and use the additivity axiom. 

Now we will continue the proof by induction. We know that the difference torsion 
is on every L\ = S^-bundle. Let us then assume that the difference torsion is 
on any linear L 2W_1 -bundle with any representation of the fundamental group. Given 
a linear L 27V+1 -bundle E 2N+1 — > B with local coefficient system J 7 , the construction 
above yields 



2N-1 

n 



2JV 



We have non-trivial fibrations D 2 ■=— >■ (S 2N - 1 x D 2 )/n -> L 2 /' 1 , D 2N m> (D 
5 x )/n ->• Li and S 1 -> (S 2 ^ 1 x S 1 )/™ ->• L^v-i. The first Q f these splits the bundle 
H 2N_1 in the following manner: 



72JV-1 




2jV-l 



where J n — >■ I? is an L 27V_1 -bundle and H 2 1 — >■ J n is a L> 2 -bundle. Since D 2 is 
contractible, we get a local system Tj on J n the pull-back of which to H^ N ~ l is isomor- 
phic to J-< H 2n-i. Now we can use the geometric transfer and the fact that we already 
determined the difference torsion to be on L 2Ar_1 - and L> 2 -bundles to show 



r\H 2 



2N-1 



T 2N-1 



X (D 2 )r(J n , Tj) + tr J B n (r Jn (H n . j „,■< 



)) = o. 



A similar argument holds for H\ and G n , and this completes the proof. 



□ 



Unfortunately, this result is not enough. We will need a stronger version thereof, 
which we cannot prove at the moment. We will state the theorem here and again point 
out that it is only conjectured! 

Conjecture 6.3. The difference torsion is on any lens space bundle. 

Remark 6.4. The main difference to the Lemma is that the theorem states the difference 
torsion to be on any not necessarily linear lens space bundle, instead of only linear 
lens space bundles. 

Remark 6.5. Since the difference torsion of a lens space tame (LST) torsion invariant 



is on every lens space bundle by definition |3.4[ we will only work with these torsion 
invariants for the rest of this paper. 
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6.2 Difference Torsion as a Fiber Homotopy Invariant 

In this section, we will prove that the difference torsion r s of a LST torsion invariant is 
a fiber homotopy invariant. By this we mean that for any two bundles i*\ <^-> E\ — > B 
and F 2 c ->- E 2 — >■ B and fiber homotopy equivalence / : E 1 — > E 2 with local coefficient 
systems T 2 on E 2 and f*J- 2 = T\ on E±, we have 

r 5 (E 1 ,J' 1 ) = r 5 (E 2 ,F 2 ) e H 2k (B;R). 

First we show the following Lemmas: 

Lemma 6.6. For any linear disk bundle D A E and any bundle pair (E, d ) — > B with 
local coefficient system F we have 

T 5 B (D,d ,q*F)=T S B (E,d ,T), 

where we pull the system up to D and d D = q~ 1 d E as usual. 

Proof. By geometric transfer we have 

r 5 B (D, d , q*F) = r s (E, d , F) + trf (ri(A q*F)) 

and t 6 e (D, q*F) = because D is a disk bundle over E. □ 

Lemma 6.7. The difference torsion r s of a LST torsion is on any bundle pair 
(E, do) — > B the fibers (F, do) of which are h-cobordisms and have a local system T 
inducing an n-fold holonomy covering. 

Remark 6.8. We saw in section 5.1 that it is enough to look at local systems that induce 
holonomy covers with finite cyclic transformation group. So we will always assume that. 

Proof. First observe that since (F, d ) is an h-cobordism, F ~ d F and therefore the 
local system is already given by a local system on 8qF. The holonomy covering of 8qF 
gives rise to a map doF — > K(7Ljn,\) ~ and therefore we get a map 8qF — > 
and a map d E B x L 1 ^ for a large N. We can choose a local system Fl on that 
restricts to F\q e on d E. 

Now choose a smooth fibered embedding of d E into B x D N for some large N (we 
use the same N as before, meaning that we will eventually have to enlarge it). Let doD 
be the normal disk bundle of 8qE in B x D N . Since E is fiber homotopy equivalent 
to d E, because it is a h-cobordism bundle, the linear disk bundle d D extends to a 
linear disk bundle D over E with projection q : D — >■ E 1 . By the previous lemma we 
have tJj(£, <9 , J 7 ) = r^(D, 9 , q*F). Thus it is enough to show that t b (D, d , q*F) = 0. 
Now we can also look at the normal disk bundle of doE in B x L 1 ^ and get a map 
d D ^ B x D 2 x where <9 0j D is embedded into B x S 1 x C ^(5 x D 2 x L%). 
We can extend the local system J 7 ^ to Fd 2 xl an d -D 2 x by pulling it back along the 
projection onto the second component. Now we look at the union 

BxD 2 xL% U doD D. 
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This will be a lens space bundle with local system induced by the gluing together of 
the local coefficient systems on the two components. Using this and the fact that the 
torsion of lens space bundles is trivial, we get 

r s B (D,d ,q*T) = T 5 B (D,q*F)-T 5 B (d ,q*F\d Q D)+T B (BxD 2 xL%,F D 2 xL ) 
= t 5 ((B x L%) U D, Tl U q*7) = 0. 

□ 

Theorem 6.9. The difference torsion of a LST torsion t 5 is a fiber homotopy invariant 
of smooth bundle pairs with local systems. 

Proof. Suppose that (Ei,do) and (E 2 ,do) are smooth bundle pairs over B which are 
fiber homotopy equivalent and have matching local coefficient systems T\ and T 2 . We 
want to show that 

T S (E h d ,Fl) = r s (E 2 ,d ,F 2 ). 

If we replace (E 2 ,do) by a large dimensional disk bundle (D 2 ,8q) (with local system 
q 2 T 2 for q 2 : D 2 — > E 2 ), we can approximate the fiber homotopy equivalence by a 
fiberwise smooth embedding 

g:(E 1 ,d )^(D 2 ,d ). 

Let Di be the normal disk bundle of E\ in D 2 (with local system q\F\ for qy : Di — > E-f). 
Then the closure of the complement of Di in D 2 is a fiberwise ^i-cobordism with local 
coefficient given by restricting q 2 F 2 , giving an /i-cobordism bundle H, which has trivial 
r s by the previous Lemma. Using the relative additivity we therefore get 

r s (D 2 , d , q*F 2 ) = r 5 (H, d 1 D 1 , (q* 2 F 2 ) ]H ) + r s (D u d Q , q*^) = t S {D^ d , q{Fx). 

By Lemma 6.6 this yields t 5 (Ei, d , T\) = t s (E 2 , d , JF 2 ). □ 

Remark 6.10. Since t s is a fiber homotopy equivalence, it is well defined on any fibration 
(Z, C) — > B with fiber (X, A) and local system J 7 on X which is smoothable in the 
sense that it is fiber homotopy equivalent to a smooth bundle pair (E, d ) with compact 
manifold fiber (F,do). 



7 Triviality of the Difference Torsion 
7.1 Lens Space Suspensions 

In the following, we want to define for a space F with local system J 7 inducing an 
n-fold holonomy cover a suspension construction, which respects the local system. Let 
us recall that the usual suspension SF is defined by the homotopy push-out 

F 

Y Y 
500 ^ EF _ 
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Since S°° is contractible, we know that iriTiF = 0, and therefore this construction can- 
not give us a non-constant local system on SF. Now we make the following definition: 

Definition 7.1 (lens space suspension). Let F be a topological space with local system 
F on F inducing an n-fold holonomy cover F — > F with finite cyclic transition group. 
The cover gives us a mapping F — > for a large N eN (because = K(Z/n,l)). 
Using this map, we can define the lens space suspension S n F as the homotopy push-out 



Remark 7.2. We will drop N from the notation and consider it to be very large. 

We have the earlier introduced local systems F^ on for an n-th root of unity 
(. By choosing the map i : F — > L™ properly, we can assume that F = i*F e 2^i/n,. So 
we get a local system T.F = F^/n Ujr F^/n on S n F. From this we get the holonomy 
covering S n F A but we also have the holonomy covering F A F. These two 

covering spaces are related by the following Lemma: 

Lemma 7.3. In the setting above, we have 
in low degrees (smaller than 2N). 

Proof. By using the coverings F A- F and S 2N A , we get the diagram 



F ^S 2N 




where Y*(N)F := S 2N Up S 2N is homotopy equivalent in low degrees to SF because 
there is an 2iV-connected map 

H(N)F ^ZF = S°° Up S°°. 

The universal property of the push-out gives the map H(N)F — > S n F. Being covering 
spaces, F and S 2N both admit an n-action, and the map F — > S 2N will be n-equivariant. 
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Therefore the push-out T,(N)F will also admit an n-action, and from this it follows that 
the map H(N)F — > S n F is an n-fold covering, and therefore we have T, n F ~ HF in low 
degrees. □ 

For the usual suspension, it is well known that H k+ i(EF;R) = H k (F;R) for all 
fceN. For the lens space suspension this becomes: 

Lemma 7.4. For every topological space F with local system inducing an n-fold holon- 
omy covering, we have for k > 1 

H k+ i(T, n F; R) = H k (F;R). 

Proof. Using the Mayer- Vietoris sequence for the defining push-out of the lens space 
suspension, we get 

-> H k+1 (L 2 n N ;R)®H k+1 (L 2 n N ;R) -> H k+1 (Z n F; R) H k (F; R) 

The fact that is rationally homologically trivial now yields the desired isomorphism. 

□ 

Furthermore, we know for the usual suspension that vr^(F) ®R = H m (F; R), where 
7r^(F) := TT m (co\im k Q k T l k F) denotes the stabilized homotopy group. This becomes: 

Lemma 7.5. If k G N is large enough, and F is a space with local system inducing an 
n-fold holonomy covering, we have an isomorphism 

vr m+fc (£*F) ® R = H m+k (J: k F; R) 

for m + k < N . 



Proof. We get the n-fold holonomy covering F — >■ F. Using Lemma 7.3 several times, 
we get in low degrees 

Thus we have for N > m + k > 1 



7T m+k {E k n F) <g) K S vr m+fe (S fc F) <g) 

H m {F; 



fe large _ 
= ^) ® 



— H m+k (H F;R). 

□ 

Remark 7.6. Although we require to be large in the last Lemma, it does not depend 
on N at all, meaning that we can still choose N to be much larger than k. 
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We will need the following Definition and Proposition: 

Definition 7.7. A topological space F is called simple if ttiF is abelian and acts 
trivially on every 7iiF for % > 2. 

Proposition 7.8. Let F be a path connected, simple space and F A- F an n-fold Galois 
covering. Then the transition group Z/n will act trivially on if*(F;R) 

Proof. Let {F 1 } be the Postnikov tower for F; that is a sequence of spaces with lini; F l = 
F and n^F = tt^F for < i < I and ^F 1 ^ for i > I. Since we have ^F 1 = ttiF for 
every / > 0, we have n-fold coverings F l A F l . We will prove by induction that Z/n 
acts trivially on H*(F l ;R). The sequence {F 1 } will clearly provide a Postnikov tower 
for F, and since the real homology of the stages of a Postnikov tower stabilizes in every 
degree, this will prove the proposition. 

To start the induction we look at F 1 ~ K{niF, 1), which will only have the first 
homotopy group ttiF 1 = itiF. The covering F A F gives a map a : n 1 F — > Z/n. Using 
this, we see that the covering F 1 A F 1 will be an Eilenberg-MacLane space: 

F 1 ~ K(kera, 1). 

The group Z/n acts trivially on kera C ttiF because Ti\F is abelian, and therefore Z/n 
acts trivially on F 1 ~ K(kera, 1) and H*(F l ; R). This starts the induction. 

Now assume that Z/n acts trivially on R) with I > 1. We have the fibration 

K(inF,l) ^F l ^ F 1 - 1 . 

Since we know 7r;F = ttiF, the group Z/n will act trivially on iiiF and thereby also 
trivially on K(iiiF,l) and H*(K(iriF, I); R). By induction assumption it must also act 
trivially on 

Hi(F 1 - 1 ; H k (K(iri(F), I); R)), 

and thereby it acts trivially on the whole Leray Serre spectral sequence for the fibration 
K(mF,l) ->■ ->■ F'- 1 . From this it follows that Z/n acts unipotently on^(F,;R), 
and since R[Z/n] is semisimple, this implies that Z/n acts trivially on if*(F;R). □ 

From this we get the following important Corollary: 

Corollary 7.9. If F is a simple topological space with local system inducing an n-fold 
holonomy covering F A F, then we have 

H t (i:(N) k F;R) #,(E*F;R) 

/or a// Z < 2iV. 
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Proof. Since F is simple, the group Z/n will act trivially on H*(F; R). It is well known 
that this implies 

H*(F;R) = i?*(F;R) 



(See for example Proposition 3.G.1 in Hatcher's book |6|). By using Lemma 7.4 and 
the 2iV-connected map H(N)F — >• SF we get 

i/,(S(iV) fe F;M) ^#*_ fe (F;R) = #*_ fe (F;M) ^^(E*F;M) 

up to degree 2N. □ 

Now we are turning back to bundles. For a fiber bundle F >■ E — > B with local 
system J 7 on F inducing a finite cyclic n-fold holonomy covering, we get a fiberwise 
map E —7- B x and can use this to define the fiberwise lens space suspension as the 
push-out 



2N 



E ^BxL n 



B x I? n >■ Yj n ^E. 



It is easy to see that Y, n B E — > B is a bundle with fiber S n F and as before we get a 
local system EJ 7 on T, n ^E. We have the following Lemma: 

Lemma 7.10. The bundle H n ^E is smoothable if E was smoothable and we have 

r 5 (E,F) = -r 6 (Z njB E,EF). 

Proof. The bundle H n ^E is smoothable since it is the fiberwise push-out of smooth 
bundles along a smoothable bundle. Additivity gives 

r 5 (£„, iB £, EJF) = r 5 (B x L 2 n N U E B x L™ , Y>F) = -r 5 (E,F). 

□ 



7.2 Reducing the Homology of the Fiber 

We now attempt to make the fiber of a bundle F > E — >■ B with a local system on F, 
simply connected base B, and simple fiber F rationally homologically trivial without 
changing the difference torsion. For this we first need two Lemmas. The first Lemma 
ensures that the homology of the fiber can be reduced without changing the difference 
torsion provided that a suitable map a : B x — > E exists. The second Lemma gives 
us the map a. In the following, let iV always be an arbitrarily large integer. 

Lemma 7.11. Suppose F E — >■ B is a fibration with local system F on F inducing 
a finite cyclic n-fold holonomy covering. Let m G N denote the largest integer for which 
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H m (F;R) ^ 0. Suppose that we have H t (F;R) = H t (F;R) for0<l<m + dimB. 
Suppose further that m is odd and let a be a map 

a:BxL™-^E 

with the following properties: On each fiber we have a* J 7 = for some n-th root of 
unity ( and a* : i? m (L™;M) — > H m (E;R) is non-trivial. Then if we look at the bundle 

Ei = E U BxL m+ fc B x L 2 a N 

with fiber F\ with local system T\ := T Ujr f and corresponding covering F\ A F 1} 

we have dim M #*(Fi;R) < diniR H*(F; R) and H^F^R) = H^F^R) for < I < 
m + dim B. 

Proof. Assume that we have a map a : B x L™ — y E such that the induced map 

«* : H m (L™ +k ; R) — >■ H m (F; R) 

is non-trivial. Then the homology of the fiber F\ will be given by the Mayer Vietoris 
sequence as 

H m (L™; R) A H m (F; R) © -> # m (F i; R) -> 

and thereby we have dim K H*(Fi, R) < dim R H*(F; R). 

To show that this i<\ will satisfy the second property, we look at the covering of a 

a: B x S m ->■ £, 

which will also be non-trivial on homology. We get the following cubic diagram, where 
the back face is a push-out covering a push-out forming the front face: 



B x L 



B x L 



2N 



B x S m 




B x S 2iV 




E 



E x . 



E 




E 1 




Since we have Hi(F; R) = Hi(F; R) for < / < m + dim B by assumption, and the only 
non- vanishing real homology group of the source is in the odd degree m, the homology 
up to degree 2N of F 1 and F\ will be copies of the homology of F and F in any low 
degree except for m. In degree m we have 



H m (Fi, R) H m (F;R)/im(a) H m (F; 
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and 

H m (F i; R) = H m+k {F;R)/im(a) = H m (F;R)/R. 

Therefore we get 

H^R) = H^R) 

for < I < m + dim B. 

□ 

Lemma 7.12. Suppose F ^ E — >■ B is a fibration with simply connected base B and 
local system F on F inducing a finite cyclic n-fold holonomy covering. As before let 
m G N denote the largest integer for which H m (F;R) ^ and suppose that we have 
Hi(F; R) = Hi(F; R) for < I < m + dim B. Then there exists an integer k e N and a 
map 

a:Bx L™ +k -> E* B E 

such that cfY^F = Fq for some n-th root of unity ( and a* : H m+k (L™ +k ] R) — > 
iJ m+ fc(S^F; R) is non-trivial. 

Proof. Note that in the following, m and n are fixed, already determined integers, 
whereas k is an arbitrarily large integer bounded by the arbitrarily large integer N. 
Furthermore m + k must be odd, such that L™ +/c has a non- vanishing rational homology 
group in degree m + k, but we can choose k in such a way that this is satisfied. 
Such a map a will correspond to a section s of the bundle 

Map(L™ +fc , F) ^ Map(5 x L™ +k , E k ;B E) B, 

which is a homologically non-trivial map in each fiber. In this context Map(Z? x 
L™ +fc , b ) will always denote the space of fiberwise maps between B x and 
T^ B E. We will construct this section using obstruction theory. Let B t denote the 
/-skeleton of B. Firstly, we will give s ± : B ± ->■ Map(£? x L™ +fe , E* B E). By the choice 
of m we have a non-zero element: 

7 G ~H rn+k (Y,(N) k F; R) = I7 m+fc (S^F; R) = H m (F; R). 

Since the reduced homology is isomorphic to rationalized stabilized homotopy, we can 
view 7 as element of 7r m+fc (£(iV) fc F) <g> R, if /c is large enough. Now choose a represen- 
tative 5i : 5 ,m+fe — >■ S(A r ) fc F of 7. The map 5i will clearly be non-trivial on homology. 

Our goal is now to modify a± to a : S m+k —¥ E(iV) fc F such that it covers an 
a : L™ +k ->■ E^F. Since by assumption H m+k (T l (N) k F; R) = H m+k {T l k F; R), a will be 
non-trivial on homology. Furthermore the covering will ensure that a*F = F^ for some 
n-th root of unity (. To begin with, we have from the last lens space suspension an 
inclusion 

% : L^ +k ^ Z k F 

trivial on homology. This will be covered by a homologically trivial equivariant inclusion 

7 : S m+k ^ sJf. 
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Figure 2: Modifying the inclusion % : S m+k S^F. 

The idea now is to take a small disk D m+k in 5' m+fc C X^F and connect it to the image 
ai(S m+k ). Then we can map S m+k to this new image instead and this map will be 
non-trivial on homology because a.\ is non-trivial on homology. To make it equivariant 
we do the same construction equivariantly to every disk p l ]j m+k in the orbit of D m+k 
under the Z/n action on S m+k . Hereby p G Z/n denotes a generator. This is illustrated 
in Figure 2. 

The formal construction is the following: Choose a small disk D m+k C S rn+k . By doing 
this in a slightly bigger disk, we can modify the inclusion such that it factorizes 

Using ]j m + k /QD m + k ~ gm+k ^ we can gj ue j n an j moc iify the i nc l us i n again so that 
it factorizes 

Now let p G Z/n be a generator. If we make D m+k small enough, it will not intersect 
with any of the p l D m+k C S m+k for < % < n. Doing the same construction to every 
pijjm+k us i n g p l a l7 we can modify the inclusion to a map 

a : S m+k -> SJF, 
which will clearly be n-equivariant and thus cover a map 

a : L™ +fe S n F. 

The corresponding rationalized homotopy class of 5 in 7r m+fc (S^F) ®R will be given by 
[5] = [5i] + p[ai] + . . . + p n_1 = n[5i] 7^ 0, 
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since Ti\F acts trivially on 

ir m+k ffF®R = K m+k ^(N) h F)®R9iH m+k (E(N) k F;R) 
= H m (F;R) =H m (F;R) 

(otherwise the map H m (F; K) ■=->■ H m (F; M.) would not be an isomorphism and thereby 
H m (F;M.) would not be isomorphic to H m (F;M.) either). So a will be non-trivial in 
rational homology. 

With this we can define s : B ~ * — > Map(£> x L™ +k , E* B E) non-trivial in the 
homology of the fiber. Since B is simply connected, this section defined over a point of 
B can be extended to a section s\ : B\ — > Map(5 x L™ +k , T, k B E). 

Let us now continue inductively. Suppose we already have a section si : Bi — > 
Map(5 x L™ +k , E* B E) with 1 < / < dim B. By restriction, we will get sections 

s M : Map(£ x L\, X k n<B E). 

Let us first extend sj t i to Si+i,i : £>;+i — > Map(i? x E*i£): This depends on the 
obstruction class 

1) e H l+1 (B, Bu 7r,(Map(^, E*F))) = B,; tt, + i(£*F)), 

because ~ 5 1 . So #(sz,i) is rationally trivial, if k is large enough (larger than / + 1). 
This is enough to extend s^i as, for example, K. Igusa showed in the non-twisted version 
of this Lemma in [9] . 

We now want to extend to sj+i^ relative to si$- For this we look at the 

cofibration sequence 

L n ^ L n — > S , 
which gives us the fibration sequence 

n 2 (E k n F) ^ Map(B x Ll E k njB E) Map(B x L\ t ^ B E). 

From this we get the following commutative diagram: 

n\E k F) 

E ^Map(5x4S^) 

,.v 

Sj+1,2 ....-*"" 

where the right column is a fibration sequence. Consequently the extension from sj+i,i 
to s; + i j2 depends on the obstruction class 

G A;7rK0 2 (E^F))) - H l+1 (B , B f , 7r l+2 (Z k F)) , 
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which is, again, rationally trivial for large k. 

Now assume that we have already constructed sj+i^ with % e N even. Next, look at 
the cofibration 

L^4 +2 ^M(Z n ,i), 

where 

M(Z n ,i) := coftS* A 5*) 

is the Moore space. Directly from the definition of the Moore space, we get that 
7Tz(Map(M(Z n , i), X)) is finite for any space X. Using the fibration 

Map(M(Z n ,*),E*F) ^ Map(£ x L* 2 ,£* fl £) Map(5 x L^E*^), 

the commutative diagram 

Map(M(Z n ,i),E*F) 



»+2 

S i+1 ^VMap(BxL;,S^£7), 

tells us that extending sj+i^ to s;+i,i+2 depends on the obstruction class 

G iJ i+1 ( J B,^;7r i (Map(M(Z„,0,S^F))), 

which is rationally trivial. 

Using this inductively, we get si+i^+m-i- To extend this to si+i^+m = sj+i, we use 
again the cofibration sequence 

and the induced fibration sequence 

fifc+m(s . F) ^ Map(j g x L k + m^ E k BE) ^ Map(j g x L k + m-^ E k BE) 

and the commutative diagram 

Q fe+m (E*F) 



5, 



s l,k-\-m 



B, 



s i + l,fe + m 
-5f+i,fc+m-l 



Map(5xL*+™,E* )B £) 



H-l 
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making the obstruction class 

e ^ +1 ( J B,^;7r fc+m+ KE^)). 
However, if & is large enough, we have 

7r fc+m+i (S^F)®M = 7r fc+m+z (S(iV) fc F)®M 
^ F fc+m+i (S(iV) fc F;M) 
— Hk+m+iCEnF; E) 
S # m+/ (F;M) = 

by assumption because m + I < m + dim 5. This guarantees that we can extend 
s J+i,fc+m-i to and completes the proof. □ 

Lemma 7.13. Let F > E — > 5 fre a fibration with simply connected base B and local 
system F on F inducing a finite cyclic n-fold holonomy covering. Suppose further that 
F is simple. Then there exists a bundle F' ■=->■ E' — ^ B with local coefficient system F' 
on F', where F' is rationally homologically trivial, such that 

t s (E,F) = ±t 5 {E',F). 

Proof. Let again m be the la rges t integer such that H m (F;M.) is non-trivial. Since F 

to 



7.12 



is simple we get by Corollary 7.9 H*(F; M) = H*(F;M) and we can use Lemma 
get a bundle map 

a : B x L™ +k ^ B E 

for a integer k non-trivial on the m + fc-th homology. By Lemma |7.3 the n-fold covering 
of E^F is given in low degrees by ~E(N) k F. Since both Ej; and E(iV) fc only shift rational 
homology up by k degrees we have 

HtffiF; E) = Hi(T,(N) k F; R) = ff,(£*F; E) 

for all < / < m + + dim!?. Furthermore the highest non-trivial homology group of 
E^F is in degree m + k and we also have 

dim R #*(££F;E) = dim R #*(F;M). 



Now we can apply the construction of Lemma |7.11| to get a bundle Fi <-} E\ — > B such 
that 

dim^^E) < dim KJ FZ*(E*F;E) = dim R #*(F;M). 

By definition of E\, and since the torsion of trivial bundles is zero, we get with additivity 
and Lemma [7. 101 

r 5 (E 1 ,F 1 ) = < B £U Bxi , +t 5xLf,^U, c J ( ) 
= T*Q* B E,&7) = {-l) h T*{E,7). 
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Since Lemma 7.11 also guarantees that Hi{F\ \ R) = H\{F\ \ R) for < / < m + k + dim B 
we now can repeat this process and decrease the dimension of the rational homology 
until we will get the bundle F' E' — >■ B with local system F' on F such that 

r\E,F) = ±t 5 {E',F') 

and F' is rationally homologically trivial. □ 

Remark 7.14. As a consequence of this Lemma it suffices to only determine r s on 
bundles with rationally trivial fiber. We will proof in the next section that the difference 
torsion will always be zero on these bundles and this will conclude the proof of the main 
theorem. 



7.3 Triviality on Fibers with Trivial Real Homology 

Lemma 7.15. We have t s (Z, F) = for any LST torsion invariant, smoothable bundle 
X ■=->■ Z — >■ B with H*(X; R) = 0, simply connected base B and local system F inducing 
an n-fold holonomy covering. 

Proof. By taking the fiberwise Lens space suspension, we may assume that the map 
Z — >■ B has a section. We choose a smooth bundle E — )■ B fiber homotopy equivalent 
to Z. By embedding E into B x R m for large m and taking a tubular neighborhood, 
we may assume that the vertical tangent bundle of E is trivial and that the fiber 
is a compact m-manifold M with boundary DM embedded in R m so that M ~ X. 
Also, the image of the section B will have a neighborhood, which is a trivial 

disk bundle D = B x D m . Let M be the n-fold universal cover of M (using Lens 
space suspension we can ensure that n\M = Z/n). This gives rise to the fiberwise 
covering E A E. The disk D C _M lifts to n disks D C M. The bundle E ^ B is 
classified by a map i? — > BDiS(M rel D); but since it is a covering of an M-bundle, 
this map restricts to / : B — > SDiff n (M rel D), where 5Diff n (M rel D) is the space of 
rz-equivariant diffeomorphisms of M which may permute the components of the lifted 
disk D. By construction E will be the quotient of F x G, where F := Diff n (M rel D) 
and G := /*£'Diff n (M rel D) under the diagonal F-action. Putting this together we 
get the following commutative diagram: 



F x G > F x EDiff n (M rel D) 
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E un iv is hereby the quotient of F x EDiS n (M rel D) under the diagonal action. This 
will admit an n-action, and E — > E un i V will be n-equivariant. Therefore it covers the 
universal bundle E univ and r s (E,p) is the pull-back of 

r s := r s (E umv ,p) G H 2k (BDiS n (M rel D);R). 

Thus it suffices to show that r 5 = 0. 

Since B is simply connected, we know that the classifying map will factorize 

B -> £Diff , n (M rel D) -> 5Diff„(M rel 5), 

where -BDiff 0in (M rel D) is the identity component. Ergo we consider 

T s e H 2k (BDiS ,n(M *e\ D);R). 

Since the identity component will only contain maps that leave a certain base point 
fixed, we have 

£Diff , n (M rel D) = £Diff (M rel D). 

Now choose M to be M without an open collar neighborhood of DM . We can choose 
Mq injsuch ja^ way that D C M . Naturally, we get a covering_Jkf — > M . Let 
Diff n (M rel M ) be the space of n-equivariant diffeomorphisms of M, which leave M 
fixed (and do not permute any components thereof). For this we have 

Diff n (M rel M ) C Diff n (M rel D) 

and get a map 

i> : 7T Diff n (M rel M ) ->■ 7r Diff n (M rel D). 

The kernel of ip will be the set of connected components of Diff n (M rel Mo), which map 
into the identity component Diff n (M rel D). Taking only these components, we get a 
space with inclusion 

Diff kcr ^ n (M rel M ) C Diff , n (M rel D), 

and from this we get a map 

p : BDiS keT ^ n (M rel M ) -)■ BDiff , n (M rel D). 

The pull-back of r 5 along p will be the torsion class of an M-bundle containing a trivial 
M -bundle as a fiberwise deformation retract. Since r 5 is a fiber homotopy invariant 
and trivial on trivial bundles, the pull-back p*r 5 will be 0. 
Therefore it suffices to show that 

p* : H 2k (BDiS 0tn (M rel D);R) ->• /J 2fc (5Diff ker ^ in (M rel M );K) 

is injective. To do this, we will show that p is rationally 2/c-connected: 
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Since the maps in Diff n (M rel Mo) fix a base point, we have 

Diff n (M rel M ) = Diff(M rel M ). 

Now we can form the space Differ ,/,(M rel M ) by taking the corresponding connected 
components such that Difl\ er ^(M rel M ) = Dift\ cr ^ jn (M rel M ). We can view the 
map p as 

p : J BDiff kerV ,(M rel M ) ->• £Diff (M rel D). 

We will show that this is rationally 2fc-connected. At first we will get the following 
sequence we want to show to be a fibration: 

Diff kerV ,(M rel M ) Diff (M rel D) A Emb (M , M rel D), 

where Embo(Mo, M rel D) is the identity component of the space of embeddings Mo ^ 
M fixing D. Here, 7r is simply the restriction map. By the isotopy extension theorem, 
7r will be surjective. From this it follows from a theorem of Cerf ( [I], Appendix) 
that 7r is a fibration with fiber being the preimage of any point. We easily see that 
7T — 1 (id) = Diffk er ^(M rel Mo), and therefore the sequence above is a fibration. Applying 
the .B-functor, we get another fibration: 

Emb (M , M rel D) ^ BDiflw^M rel M ) A B (M rel D). 

So we just need to show that 

7riEmbo(M 0} M rel D) ® R = for < i < 2k. 

When the dimension m we embedded M in is large, the homotopy dimension of Mo 
will be much smaller than m. Therefore, by transversality, we have that the embedding 
space is homotopy equivalent in low degrees to the corresponding space of immersions 

■KiImm (M , M rel D) = TTiEmb (M , M rel D). 

By immersion theory, Imm (M , M rel D) is homotopy equivalent to the space Map^(M ,M) 
of all pointed homotopy equivalences M — > M and the space of all pointed maps 
M -^0(m): 

7r J /mm (M , M rel D) = ^Map^M), M) © 7^ (Map* (Mo, 0(m))). 

Since M ~ M and the space of pointed homotopy equivalences is the identity compo- 
nent of the space of pointed maps, we have 

Tr.Map^Mo, M) = 7Tj(Map N! (M, M)). 

The theorem will follow from the next Proposition. □ 
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Proposition 7.16. Let M be a pointed space with H*(M;M.) = 0. Then 

7TjMap*(M,X) ®R ^ 
/or any z > and any pointed finite CW complex X . 

Proof. We can take the Postnikov tower {X n } of X. This is a sequence of spaces X n 
such that X = lim ra X ra , and we have a fibration 

K(7r n X,n) ^X n ^X n - x 
for all n. We will now use induction on n to show for every i 

7ri(Map,(M, X n )) <g> M = 0. 

We can use the fibration sequence 

Map,(M,K(7r n X,n)) ^ Map,(M,X") -> Map*(M, X n_1 ) 

to see that the homotopy group ^Map^M, X") will stabilize for every i as n gets 
larger. So proving ^(Map^M, X n )) C*D R = for every n will prove the Proposition. 
Since X° is just a point, the start of induction is trivial. 

Now suppose that we know 7Tj(Map*(M, X n ~ v )) <g> R = for all i. Again, we have 
the fibration 

Map,(M,K(7r n X,n)) ^ Map,(M,X n ) -> Map„(M, X"" 1 ). 

The long exact sequence of homotopy groups thereof gives 

7r 4 Map,(M,X(7r n X,72)) vr,Map,(M, X") -> 7r 4 Map„(M, X n ~ l ). 

Since 7rjMap„,(M, X n_1 ) is rationally trivial, it is enough to show that 7TjMap !f (M, K(7r n X, 
for all i is so as well: we have for given % 

7r 4 Map,(M,X(7r n X,n)) \S l , Map,(M, K(vr n X, n))] 

= [S J M,K(vr n X,n)] 
= F n ^(M;vr n X), 

and this is rationally trivial by assumption. □ 



This completes the proof of Lemma 7.15 and the main theorem follows. 
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